We find a manifestly U-duality invariant formula for the Bekenstein-Hawking entropy of the most general 4 dimensional, stationary, asymptotically flat, non-extremal STU black holes constructed recently by Chow and Compère. The expression is entirely in terms of asymptotic charges. It involves the "scalar charges" of the black hole which still need to be solved in terms of the dyonic charges and the mass. We discuss how the formula reduces to some of the known results as the Klauza-Klein black hole and the dilute gas limit of Cvetič and Larsen. We give the expected generalization to an E 7(7) invariant in the case of maximal N = 8 supergravity.
Recently, Chow and Compère [1, 2] have constructed the most general asymptotically flat, rotating, non-extremal dyonic black hole solutions admitted by ungauged N = 2 supergravity coupled to three vector multiplets in four dimensions, or the so called STU model. The Bekenstein-Hawking entropy of these black holes can be written in the form
where J is the angular momentum, ∆ is Cayley's hyperdeterminant formed from the dyonic charges of the black hole and F is a so far unidentified U-duality invariant given in terms of auxilary parameters.
The main result of this paper is the formula 
where M is the mass of the black hole while R, K 11 , K 22 and K 12 are certain 6 × 6 matrices depending on six scalar charges, eight dyonic charges, and on the asymtotic values of the scalar fields as well. As we will explain, these matrices transform in the adjoint of the Uduality group SL(2)
×3
U and therefore the expression for F is manifestly U-duality invariant. We also give the F invariant in the case of non-zero NUT charge in e.q. (86). It is important to note that while the scalar charges are functions of the mass and the dyonic charges, the asymptotic values are independent parameters and therefore the general black hole entropy depends on the scalar hair. This confirms that there is no attractor mechanism for general non-extremal STU black holes [3, 4] . This observation can also be reinforced by the following argument. The dyonic charges, transforming under the U-duality group, form a prehomogeneous vector space [5] . This means that there is only one algebraically independent continous invariant, in this case Cayley's hyperdeterminant. Since the mass and the angular momentum are U-duality invariants [6] the only way that the F -invariant can be non-trivial is that it depends on the scalar hair.
The construction of the building blocks for the F -invariant is most conveniently done using the toolbox of classifying certain entangled systems under stochastic local operations and classical communication (SLOCC) as three qubits [7] , four qubits [8] and three fermions with six single particle states [9] . The idea of formulating black hole physics in supergravity in the language on quantum entanglement is not new. The entropy of extremal STU black holes is always expressed with Cayley's hyperdeterminant ∆ which is a measure of tripartite entanglement for three qubits [10, 11] . The timelike reduced STU model can be described in the language of four qubit entanglement, where the line element is given by a quadratic entanglement measure [12, 13] . Moreover, extremal black holes with nilpotent charge vector can be classified in the language of four qubit entanglement as shown in [14] . For a review of this so called black hole/qubit correspondence see [15] .
The organization of this paper is as follows. In sec. II. we give a quick review of the conventions we use for STU supergravity and its reduction to the 3d coset model SO(4, 4)/SL(R) ×4 .
In sec. III. we review the aspects of the black hole solution of Chow and Compère that we need. In sec. IV. we describe the action of the U-duality group SL(2, R) ×3 on the coset element putting particular emphasis on the fact that the generators for U-duality live in a different splitting of so (4, 4) than the one defining the 3d coset model SO(4, 4)/SL(R) ×4 . After this, we describe how the 16 asymptotic charges of the black hole fit into the 9 ⊕ 8 ⊕ 8 representation of the U-duality group. We give the relevant covariants that can be used to generate polynomial invariants of this representation space in the simple language of fermionic entanglement theory. In sec. V. we use these covariants as building blocks to find the announced expression for the F -invariant. Section V B. contains the formulas which are needed to compute the F -invariant dressed with the asymptotic values of the scalars. In section VI. we give three constraints among the scalar and physical charges and speculate if they are enough to determine the scalar charges uniquely. As an illustration we solve the constraints for some special cases like the Klauza-Klein black hole and the dilute gas limit of [16] . We find agreement with the literature. In sec. VII. we describe how we expect our results to generalize to an E 7(7) invariant for maximal N = 8 supergravity.
We include two appendices containing some explicit formulas which we found too cumbersome to include in the main text. In appendix A. we set up our conventions for the Lie-algebra of so (4, 4) and describe the three different ways of selecting an sl ×4 2 subalgebra with the remaining generators transforming in the fundamental (2, 2, 2, 2) representation. In appendix B. we give the explicit forms of the matrices R, K 11 , K 12 and K 22 appearing in expression (2) for the F -invariant.
II. N = 2 SUPERGRAVITY
The term STU model refers to ungauged N = 2 supergravity in four dimensions coupled to 3 vector multiplets [17, 18] . The model is of central importance in string theory as it can be obtained from most string theories and is related to various other supergravity theories through dualities. Also, a suitable solution of the STU model can be used [19] to generate all single centered stationary black holes of maximal N = 8 supergravity [20, 21] which describes the low energy limit of M-theory compactified on T 7 . The black hole solutions in the theory can be obtained from the bosonic part of the action without the hypermultiplets. There are several formulations of this action, here we simply pick one and refer to the literature on details. The action we choose is ×3 and G ij is the Kähler metric of this space. The matrix N IJ is a certain 4 × 4 matrix depending only on the scalars τ i . As we do not need them in this paper, for explicit forms of G ij and N IJ we refer to the literature [2, 13] . We will usualy use the decomposition of τ i into real in imaginary parts as
To describe stationary black hole solutions we proceed with the usual procedure of dimensional reduction along the time coordinate. For details of this procedure see e.g. [2, 22] . The ansatz for the metric and the gauge fields is
Here, ds 2 (3d) = h ab dx a dx b is the three dimensional line element with a, b being 3d indices. The scalars U and ζ I and the one-forms ω and A I are considered to be three dimensional fields. One then dualizes ω and A I to scalars σ andζ I as
The resulting three dimensional theory is Euclidean gravity coupled to 16 real scalars {U, σ, τ i ,τ¯i, ζ I ,ζ I } parametrizing the coset space SO(4, 4)/SL(2, R) ×3 . The Lagrangian can be written as
where Φ m denotes the scalars with m = 1, .., 16. The metric g mn on SO(4, 4)/SL(2, R) ×4 is expressed through the line element as
Note that the equations of motion coming from (3) are invariant under the SL(2, R) 3× U subgroup of the full U-duality group E 7(7) mapping the STU model to itself. An element
is parametrized as
and it acts on the 3 dimensional fields the following way. The scalars τ i are transformed as
while the electromagnetic potentials ζ I ,ζ I transform in the fundamental (2, 2, 2) = 8 dimensional representation. Explicitely if one defines the three index tensor ψ ijk corresponding to the amplitudes of a 3 qubit state as
the transformation rule is
In the following when we write SL(2) we are referring ot SL(2, R) unless explicitly otherwise stated. We can describe the second term in the 3d Lagrangian (7) as a sigma model with target space SO(4, 4)/SL (2) ×4 . The Lie algebra so(4, 4) has 28 generators. To describe this coset model we have to split this as so(4, 4) = h ⊕ m, where h is an sl ×4 2 subalgebra and m is its 16 dimensional fundamental representation which we denote as (2, 2, 2, 2). There are actually three ways to perform this split. We summarize bellow two of them which are relevant for our purposes.
Here, H Λ , E Λ , F Λ , Λ = 0, ..., 3 and
.., 4 are the 28 generators of so (4, 4) . For an explicit definition of these generators and a detailed review of the splits, we refer to Appendix A. The subscript U refers to the splitting suited to describe the action of the U-duality group SL (2) ×3 . The extra SL(2) factor in this split is the Ehlers symmetry. The subalgebras without the subscript answer the split suited to describe the 3d fields parametrizing the coset SO(4, 4)/SL (2) ×4 . Let us represent an element of this coset by an SO(4, 4) matrix as [2, 12] 
Notice that there are no F -type generators in the above formula. This choice of gauge is called the Iwasawa gauge. The next step is to project the Mauer-Cartan 1-form to the 16 dimensional space spanned by the first line of (14) as
Here, # is the anti-involution defineing the horizontal split of (14) (see also e.q. (A9)). One finds that the target space metric (8) can be written as the right invariant metric on SO(4, 4)/SL (2) ×4 :
The other way of writing this line element is to define the matrix
Then we have
We note that in contrary to P * , in general M −1 dM is not required to sit inside the 16 dimensional subspace which is spanned by the first line of (14) .
The 16 three dimensional fields can be extracted directly from M (see [2] for details) so we may proceed describing the theory in terms of M. A group element h ∈ SO(4, 4) acts naturaly on V as V → qVh,
where q ∈ SL(2) ×4 is a (possibly field dependent) compensator which puts V back to the Iwasawa gauge. We will see an example of this in sec. IV A when we work out the action of the U-duality group on V. The same action in terms of M reads as
It is then manifest that the line element and hence the 3d Lagrangian is invariat under this action of SO(4, 4).
III. THE MOST GENERAL NON-EXTREMAL BLACK HOLE SOLUTION
Here we give a lightning review of some of the results and the solution generating technique presented in [2] . We have seen that if M is a solution to the equations of motion then so is h # Mh. This fact can be used to generate new solutions from a known seed. This method is used by the authors of [2] to find the most general non-extremal, rotating, asymptotically Taub-NUT black hole solution with 11 independent conserved charges. These are the mass, NUT charge, angular momentum and 8 independent dyonic charges. They chose the four dimensional Kerr-Taub-NUT metric as their seed with mass m, NUT charge n and angular momentum J = ma (here a is a parameter). Then they chose the group element
to charge up the solution as
We refer to [2] for the definition of the seed matrix M KT N . Here, we merely need how the physical charges of the black hole are expressed with the 11 parameters m, n, a, δ I , γ I . These charges are extracted as follows. Define the inverse radial coordinate ρ = 1 r and expand the fields around asymptotic infinity. For now, we assume the following expansion
which is the same as in [2] . Here M and J are the ADM mass and angular momentum of the spacetime, Q I and P I are electric and magnetic charges associated to the original 4d U(1) gauge fields and Ξ i , Σ i denote 6 scalar charges. The constant c is not playing any role in the following. The corresponding expansion for M is
where the charge matrix Q does not contain the angulat momentum J which only enters in subleading order. Without J, these are all together 16 asymptotic charges, which can be expressed in terms of 10 seed & charge parameters, m, n, δ I , γ I . Therefore, the scalar charges are not independent of M, N and the dyonic charges, but we will keep them explicit until section VI. We quote the formula for the mass and the NUT charge
where µ 1 , µ 2 , ν 1 , ν 2 are functions only of δ I , γ I and are given explicitly as
Here the notation is resolved as follows: c δ I = cosh δ I , s δ I = sinh δ I and the same for γ I .
Multiple indices denote that one should take the product of the hyperbolic functions e.g. c δIJ = cosh δ I cosh δ J . The rest of the charges can be obtained through the formulae
Note that these identities are simple consequences of the fact that we have defined the charging up element h with the δ I parameters being on the right. Therefore, for the charge
and hence taking the δ I derivative of a component of Q in some basis just amounts to multiplying with the adjoint representation of k Q I in the same basis. We have used here that h is generated by the subalgebra in the second line of (14) and hence we have h # = h −1 . After reconstructing the 4d solution the Bekenstein-Hawking entropy of the black hole can be calculated. It reads as [2] 
where ∆ is the quartic invariant formed from the dyonic charges, and F is expressed with the seed and charge parameters as
To obtain asymptotically flat black holes one can cancel the NUT charge by setting n = −m
IV. THE ACTION OF THE U-DUALITY GROUP
In this section we describe in detail the transformation properties of the asymptotic charges of the black hole under U-duality. This allows us to construct polynomial invariants of these in the next section.
A. Action on fields
Recall that the coset element is parametrized in Iwasawa gauge as
Notice that the gauge is such that the scalar fields are in an "upper triangular" form in the sence that the F type generators are not present. We claim that the U-duality group is generated by the generators (14) and the action is a simple right action on V followed by the left action of a local compensator q ∈ SO(2) ×3 ⊂ SL (2) ×3 U restoring the Iwasawa gauge:
Indeed, we may write this as
as the generators E 0 and H 0 commute with SL (2) ×3 U . We see that the part with the potentials transform simply with the adjoint action. It is convenient to describe the 16 dimensional representation (2, 2, 2, 2) U and its element I (ζ I E Q I +ζ I E P I ) with the amplitudes ψ ijkl of a four qubit state through (A7). Since there are no F P I and F Q I generators present this four qubit state has ψ 1jkl ≡ 0 and therefore it is actually a three qubit state. We can think of ψ 1jkl ≡ 0 as the gauge fixing condition. Then, under the U-duality transformation
this associated state transform as
where, according to (A7),
We see that the gauge condition ψ 1jkl ≡ 0 on the coset element does not change. Therefore, this gives the required action of the U-duality group on the potentials given in (12) and no compensator is needed. We only need to worry about the gauge condition on the scalars. Multiplying the scalar term from the right with g spoils the gauge we chose and hence we need a local compensator. Using the fact that each scalar parametrizes the coset space SL(2)/SO(2) we expect the local compensator to be from SO (2) ×3 [23] and therefore to have the form
Now it is easy to verify that if we let g to be the SL(2)
×3
U element corresponding to
in the standard representation, then in order to restore the Iwasawa gauge the α i of the compensator have to be chosen as
Then, we have qe
with the primed scalars being
which just corresponds to the usual action of the U-duality group on the scalars
with τ i = x i + iy i .
B. Action on asymptotic charges
Now recall that the asymptotic values of the fields are conveniently encoded in a charge matrix Q (see (25) ) defined from the series expasion of M = V # V around asymptotic infinity. Now we need to be slightly more general than in [2] and cover the moduli space by letting M(ρ = 0) = I. To define this generalized Q first expand M around asymptotic infinity
Then note that M = V # V is a proper element of SO(4, 4) for every value of the coordinates. It follows that M (0) and (
where we have defined the "dressed" charge matrix [19] 
As this is an expansion of an element of SO(4, 4) around the identity, Q is an element of the Lie algebra so(4, 4). This is not true for M (1) alone. Now we slightly generalize the expansion (24) of the fields around asymptotic infinity by letting
with the rest being the same as in (24), but now with the possibility of having arbitrary values for the scalar fields at infinity. We give this general Q matrix in section V B. and for now, go back to use X i = 0 and Y i = 1 as in [2] . However, we stress that X i and Y i do transform under U-duality. One should not worry about this too much as everything we do in the following relies only on the fact that Q is an element of so(4, 4) which is independent of this choice and hence straightforwardly generalize to arbitrary X i and Y i . Setting X i = 0 and Y i = 1 results in the simple form of Q
We see that in this case Q lives in the 16 dimensional subspace (2, 2, 2, 2) spanned by the first line of (14) . From the previous subsection we conclude that M transforms under U-duality as M → g # Mg, and hence the charge matrix simply transforms with the adjoint action
Now from (52) we easily see that under the decomposition (14) of so(4, 4) suitable for Uduality, Q has components both in sl ×4 2 U and (2, 2, 2, 2) U . As the splitting ensures that these components do not mix under the adjoint action of sl ×4 2 U we may consider these parts separately
where
Let us first consider Q − . Clearly, M and N are invariant under the adjoint action of SL (2) ×3 U as expected. The six scalar charges Σ i , Ξ i parametrize an element sl ×3 2 U and hence they transform in the adjoint representation of SL (2) ×3 U . We define the matrices
transforming under U-duality as
Note that the symmetricity of R i is spoiled by this transformation but this is simply a consequence of fixing the asymptotic values of the scalars which, again, are not invariant under U-duality (see section V B. for the general form of R).
The element Q + transforms as a four qubit state ψ ijkl under the full SL (2) ×4 U and it decomposes into a pair of three qubit states (ψ 1 ) jkl ≡ ψ 0jkl and (ψ 2 ) jkl ≡ ψ 1jkl when just the U-duality group SL(2) ×3 U is used. The explicit amplitudes can be read off using (A7) and are given as
Note that this pair is related through
For the corresponding pair of three qubit states dressed with non-trivial scalar asymptotics, see again section V B.
The index corresponding to the first qubit transforms as a doublet under the extra Ehlers SL (2) . Note that the scalar charges are singlets under the Ehlers symmetry: the adjoint 28 of SO (4, 4) , where Q lives in, decomposes under the maximal subgroup SL(2)
C. The algebra of covariants
We have seen that the asymptotic charges transform under U-duality as a (not general) vector in 9 ⊕ 8 ⊕ 8, where 9 refers to the adjoint representation, while 8 is the fundamental corresponding to a three qubit state. If we dress up the charge matrix with the asymptotic values of the scalars, then Q actually fills out the representation 9 ⊕ 8 ⊕ 8. In order to be able to write up invariants we first need to construct covariants with indices transforming the same way. Luckily, there exists a construction, called the moment map, which allows one to associate an element transforming in 9 to a pair of vectors in 8. Unfortunately, this construction will result in an unnecessaryly large covariant algebra. We can significantly reduce this by incorporating "triality" symmetry of the STU model: the symmetry under permutation of the three SL(2) factors. This leads us to consider the embedding sl ×3 2 U ⊂ sl 6 and to construct the moment map in the SL(6) covariant language of three fermions with six single particle states [9, 24, 25] .
Consider fermionic creation an annihilation operators p a and n a , a = 1, ..., 6 satisfying
An unnormalized three fermion state can be written as
with the antisymmetric tensor P abc having 20 independent components. The so-called SLOCC group of this system is SL(6, C) acting locally on the amplitudes as
The moment map associates an sl(6, C) element to |P . This element reads as
It is clear that if we transform the state as in (62) this covariant transforms as
hence the powers of its trace are continous invariants. It turns out that the action of SL(6, C) on 20 admits a single independent continous invariant, quartic in the amplitudes, given by
Note that this quantity is a measure of tripartite entanglement for the fermions [9, 26] . The situation is different if we have two states |P and |Q at our disposal. In this case we can define the following covariants
Traces of products of these define invariants. In particular there is now a non-zero invariant bilinear product (P,
which also shows that the covariants K P Q and K QP are now not elements of the Lie algebra sl 6 . Now let us describe how to embed three qubit states
into our fermionic vector space. The standard thing to do is the following:
Then, it is easy to see that a three qubit SLOCC transformation
can be implemented in the language of of three fermions (62) by choosing
Finally, we can associate covariants transforming in the adjoint of SL (2) ×3 U to the pair of three qubit states given in (58) using (66) and (69) as
For an explicit form of these matrices see appendix B. Notice the crucial fact that these four matrices transform exactly the same way under SL(2)
×3
U as the matrix
formed by the scalar charges (see e.q. (56)). The four matrices of (72) can be grouped into a 2 × 2 block matrix K ab transforming under the Ehlers SL(2) as 2 × 2 = 1 ⊕ 3 in its ab indices. We note that the singlet part satisfies the relation
and hence only three of the K ab s give independent covariants.
V. THE F -INVARIANT A. Construction of the invariant
Let us begin by listing the independent primitive invariants of homogeneous degree less than or equal to four in the asymptotic charges, that can be formed by our covariants.
• Degree 1 invariants: M, N.
• Degree 2 invariants:
• Degree 3 invariants:
• Degree 4 invariants:
To reduce the set of independent invariants we have used the identities
Note that we can write some well-known U-duality invariants in this language. First of all, Cayley's hyperdeterminant
is just given as ∆ = − 1 96 TrK
The asymptotic value of the quadratic symplectic invariant I 2 is
The quadratic invariant
can be expressed as
Now recall the formula for the F invariant in terms of the charge-up parameters δ I , γ I and seed variables m and n:
where ν 1 and ν 2 are the functions given in e.q. (28) and they do not scale with the charges. We see that F is of homogeneous degree 4 in the charges and we expect it to be U-duality invariant. From the 10 invariants that we have identified at the begining of this section we can form 22 monomials of homogeneous degree four. We can form a linear combination of these, equate it to F and try to solve for the coefficients. The simplest way to do this is to generate various random sets of parameters m, n, δ I and γ I and try to solve the resulting numerical, linear equations simultenaously. If this works for a considerably higher number of equations than the number of variables, which is 22, we can probably trust our coefficients. We did this procedure for 600 equations and we have found a single solution. The obtained numerical coefficients have been rationalized and the result was tested analyticaly with a computer algebra system. The result is
In the asymptotically flat case one sets N = 0 (or n = −m
). In this case the F invariant reads as
where we have reintroduced the familiar U-duality invariants where it is possible. We stress that for general scalar asymptotics one should use the R and K ab matrices as given in section V B. It is useful to write the F invariant without an explicit reference to the auxilary 6 dimensional representation that we have introduced. We may employ the invariant bilinear product of (67) to write
where we have defined the action of a Lie algebra element t ∈ sl(6) on P ∈ ∧ 3 C as
Also, let us define the 8 × 8 matrixR corresponding to R in the fundamental representation of the U-duality group:R
see (56) for the definition of R i s. Then we have
We may then rewrite the F invariant as
which will be well suited for generalization to the E 7 invariant case. As a final remark, we note that a single centered STU back hole parametrized by six moduli and eight dyonic charges is expected to have five independent U-duality invariants [6] . The reason that we have more than this in (76)-(78) is that we treat the scalar charges as independent variables. This allowed us to turn F into a polynomial invariant.
B. General scalar asymptotics
Here we consider explicitly the computation of F for general asymptotic values X i and Y i of the moduli. We expand the "dressed" charge matrix defined in (50) using (51) as
Note that in general this matrix does not live in the 16 dimensional four qubit subspace corresponding to the first line of (14) . The part in sl
×4
2 U reads as
and hence the R i matrices of (56) obtain the following dressing
The four qubit state in (2, 2, 2, 2) U is
The amplitudes corresponding to the first three qubit state (see (A7)) are unchanged ψ 0000 ψ 0001 ψ 0010 ψ 0011 ψ 0100 ψ 0101 ψ 0110 ψ 0111
(97) On the other hand the second three qubit state
has the following dressing
or equivalently,
with
This is the generalization of the relation (59) and shows that the pair of three qubit states are related by a moduli dependent SL(2) 3× U transformation. The formula (86) for F is then valid for arbitrary scalar moduli provided that we use the dressed R i matrices of (95) and the K ab matrices calculated from (97) and (99) through (72). Now we can also relate the charge matrix of an arbitrary solution through U-duality to an auxiliary charge matrix with trivial scalar asymptotics. Indeed, looking at (15) it is manifest that we can remove the scalar hair from the coset element V by the U-duality transformation V → VJ −1 where
is the SO(4, 4) matrix corresponding to the SL(2)
Notice that due to (44) this transformation does not require a local compensator to go back to the Iwasawa gauge with V. One may check with explicit computation that the asymptotic value of the coset element (48) indeed satisfies
As a consequence, for any general charge matrix Q we may define a duality transformed onẽ
which corresponds to a black hole with trivial moduli. Now we use the relations
to relate the auxiliary charges ofQ to the physical ones of Q. Following IV we deduce that the dyonic charge vectors |ψ 1,2 ofQ are expressed with the physical charges |ψ 1 as
We see that the vectors |ψ 1,2 are indeed related as in (59) which is valid only for the trivial moduli. For the scalar charges one has
Since the F -invariant is blind to the transformation (105) we obtained the result that for any asymptotics we may calculate F by just using the formula for canonical moduli with replacing the dyonic charges by (J 1 ⊗ J 1 ⊗ J 3 )|ψ 1 and scaling the scalar charges as
VI. RELATIONS BETWEEN SCALAR CHARGES AND PHYSICAL CHARGES
Our formula is entirely in terms of the asymptotic charges of the black hole and is manifestly invariant under U-duality and permutation of scalars. However, it does contain explicitly the scalar charges Σ i and Ξ i which are not independent of M, N, Q I and P I . A formula entirely in terms of the physical charges would require solving for the functions Σ i (M, N, Q, P ), Ξ i (M, N, Q, P ). In this section, we provide constraints that these functions must satisfy and solve them for some special cases. We illustrate on the example of the four electric charge Cvetič-Youm black hole that in general it is not possible to give the F -invariant in terms of radicals of the physical charges.
We start by describing the constraint equations. Recall, that the charge matrix Q of (50) tranforms as a four qubit state (see (A6)) under the action of the SL (2) 4× spanned by the second line of (14) . The charge-up matrix h of e.q. (22) is an element of this SL (2) 4× . It is known [8, 13] that this 16 dimensional representation admits four algebraically independent continous invariants. All of these can be checked to be proportional to some power of the combination (m 2 + n 2 ) of the seed parameters. It follows that they provide 3 independent polynomial equations among the 16 asymptotic charges in Q. Let us describe a convenient and simple way of obtaining these equations. Consider the characteristic polynomial of the charge matrix Q:
It is clear that the characteristic polynomial is invariant under the charge up operation and hence we have
where the characteristic polynomial for the seed solution is
where we have used the invariance of TrQ 2 to express m 2 +n 2 in terms of asymptotic charges. The two polynomials agree iff all of their coefficients agree hence we have the following 9 polynomial equations
One can check that for k = 1, 3, 5, 6, 7, 8 these are trivially satisfied and hence we are left with 3 equations. These 3 equations have linearly independent gradients in the scalar charges which indicates a three dimensional solution set. However, this does not tell us anything about the set of real solutions. One can easily check that as one approaches the seed solution by taking Q I → 0 and P I → 0, there is only one real root satisfying the consistency requirement Σ i → 0. This shows that it is possible that the three equations are enough to determine the scalar charges uniquely. To say something more precise about this one would need to determine at least the real dimension of the semialgebraic set defined by these equations, but to our knowledge, there is no method to do this to date. Instead, we provide solutions to (113) for some special charge vectors, where the F -invariant is known explicilty, and hence we can compare our results with the existing literature.
Before doing so, we comment on what happens with these constraints when one considers black holes with non-trivial asymptotic moduli. In this case one can just replace Q in (110) with the auxiliary charge vectorQ, as readily seen from (105). This shows that whatever expressions Σ i = f i (M, |ψ 1 ), Ξ i = g i (M, |ψ 1 ) we find for trivial moduli by solving (113), we can safely use them for non-trivial moduli as
. Combine this with (109) to get the expected result
which is then guaranteed to be valid as long as we can use (113) to solve for the scalar charges. This is the case for the first two of the following examples.
A. Klauza-Klein black hole
The Klauza-Klein black hole [27] is obtained by setting Q 2 = Q 3 = Q 4 = 0 and P 2 = P 3 = P 4 = 0 and N = 0. From the parametrization (30)- (33) we can deduce that Ξ i = 0 and Σ 2 = Σ 3 = −Σ 1 in this case. We can put this into (113) as an ansatz and observe that it automaticaly solves two equations. The third equation reads as
As expected, there is only one root that vanishes for zero charges. For this root we have found numerical agreement between our formula
for the F-invarant and the complicated expression presented in [2] for the Klauza-Klein black hole. We may further specialize by setting P 1 = 0. In this case the above equation factorizes as
The physical root is
. Upon substituing this into the formula for the F -invariant we get
in complete agreement with [2] .
B. −iX 0 X 1 supergravity black hole Now let us consider the axion-dilaton black hole of [28] . We set the electric and magnetic charges pairwise equal Q 1 = Q 4 , Q 2 = Q 3 , P 1 = P 4 and P 2 = P 3 . We also set the NUT charge to zero. From (30)- (33) we observe that in this case we have Σ 2 = Σ 3 = Ξ 2 = Ξ 3 = 0. Using this as an ansatz in (113) we are left with a single equation
which admits a single real solution
2M ,
This agrees with the axion-dilaton charge obtained in [28] 
Upon inserting this into our formula (86) for the F -invariant we obtain
in complete agreement with [2, 28] . We note here that when the single modulus of this model is turned on we have to replace the charges according to (114). Explicitly, this leads to the following replacement rule
which, again, agrees with [28] .
C. Dilute gas limit
We can recover the dilute gas limit of [16] as well. In this limit, we have the following constraint among the magnetic charges
Provided that this is true, all three equations of (113) can be solved exactly by setting
These roots cannot be physical for all values of the charges as for vanishing charges we must have Σ i = 0 . However, in the dilute gas limit, the charges are large and hence this requirement is outside of the region of validity. Define the excitation energy as
. We obtain the dilute gas limit of F by substituing (125) into (86) and scaling Q i → µ 2 Q i , i = 2, 3, 4 and P I → µP I , while keeping δM fixed. Upon µ → ∞ the leading order µ 8 in F vanishes. The next to leading order contribution is the coefficient of µ 6 which is
which agrees with the result of [16] .
D. Four charge Cvetič-Youm black hole
Here we set all the magnetic charges and the NUT charge to zero but allow for arbitrary electric charges [29] . We have all Ξ i = 0 but we still need to solve for all the Σ i . Instead of trying to solve the constraint equations we can simply use that as all γ I = 0, the equations for the δ I derivatives (30)- (33) give the full Jacobian for the change of variables from boost parameters to asymptotic charges. The best thing to do is to write differential equations for the functions Q I (2M, Σ i ) because these are remarkably easily solved. The solution is such that 4Q
where the right hand side is understood to be given through (31) . The C I are constants of integration. Comparing with the actual parametrization reveals that C I = 4m, I = 1, ..., 4. The solution for the scalar charges is then easily obtained to be
Plugging these expressions into the formula (86) for the F -invariant we recover the expression given in [2] . This expression still depends on the seed parameter m. It is determined in terms of the physical charges through the equation
We happily acknowledge that the right hand side is greater than 1 4 (Q 1 + Q 2 + Q 3 + Q 4 ), and hence the requirement of solvability is M ≥ M BP S . Note that this example illustrates that it is in general not possible to express the F -invariant in terms of radicals of the physical charges. Indeed, one may rewrite (129) as a system of five polynomial equations as M = We do not present this equation here due to its length but it is a general, fifth order polynomial equation for m 2 . Then, due to the Abel-Ruffini theorem, one cannot have an expression for m in terms of radicals of the coefficients.
VII. GENERALIZATION FOR N = 8 SUPERGRAVITY
We have seen that in the STU case the charge matrix is an element of so(4, 4) and the Uduality group SL(2) ×3 U ⊂ SO(4, 4) acts on it through the adjoint representation of SO (4, 4) . This representation decomposes as 28 = 1 ⊕ 1 ⊕ 1 ⊕ 9 ⊕ 8 ⊕ 8. There is a general way of constructing invariants on 9 ⊕ 8 ⊕ 8 which allowed us to identify the F -invariant. In the N = 8 case the 3d coset model is E 8(8) /SO * (16) and the U-duality group is E 7(7) . We expect that in this case the asymptotic charges of the black hole parametrize a Lie-algebra element Q ∈ e 8 and the U-duality group E 7(7) ⊂ E 8 (8) just acts by the adjoint action of E 8(8) . This representation decomposes as 248 = 1 ⊕ 1 ⊕ 1 ⊕ 133 ⊕ 56 ⊕ 56 and hence the relevant representation space is 133 ⊕ 56 ⊕ 56 with 56 replacing three qubit states containing dyonic charges and 133 replacing 9 containing the 70 scalar charges 2 . The moment map from pairs of 56 to 133 can be formulated. The construction goes as follows. There is an E 7(7) invariant antisymmetric bilinear form on 56, let us denote this by ., . . We may define an e 7 element T Ψ 1 Ψ 2 associated to the pair Ψ 1 , Ψ 2 ∈ 56 by demanding
Here, κ is the Killing form on e 7 . Using 56
* we may parametrize Ψ a , a = 1, 2 with a pair of antisymmetric 8 × 8 matrixes:
and using e 7 ∼ = sl 8 ⊕ ∧ 4 C 8 we can parametrize the generators as
and Σ ijkl totaly antisymmetric. We refer to the appendix of [20] for the commutation relations, the action of e 7 on 56 and the Killing form in terms of this parametrization. The invariant bilinear product reads as
Then, using the definition (130), a short excercise reveals the explicit form of the moment map to be
Note that in this formalism we have the Cartan-Cremmer-Julia invariant expressed as
The conventions of [2] are such that I 4 = 4♦ and ♦ is the one that reduces to ∆ of (80) for the STU duality frame. The dyonic charges parametrize Ψ 1 , Ψ 2 ∈ 56 generalizing ψ 1 , ψ 2 . The STU charges (58) sit inside this Ψ 1 and 
with all the remaining (x (a) ) ij and y (a) ij vanishing. See [30, 31] for details. One imediately verifies that the relation to the fermionic inner product of e.q. (67) is simply
and that ♦ reduces to ∆. As the next step, we may parametrize an element R ∈ e 7 with 70 scalar charges. Denote the corresponding 56 × 56 matrix in the adjoint representation with R. In the STU duality frame R should reduce toR of (90) on the eight dimensional subspace of 56, where the pair of (136) lives, and zero everywhere else. Then, the F invariant (92) can be written in a manifestly E 7 invariant way as:
Note added on April 12, 2016 : After the completion of this work we have learned that for any generator T of E 7 represented in 56 the invariant TrT 4 satisfies
and hence it is not an independent invariant. It follows that the last piece of (138) is not correct and greater care is needed for the embedding of the STU scalar charges. This was subsequently done in [32] where the correct formula for the E 7 invariant version of F can be found.
VIII. CONCLUSIONS
In this work we managed to express the F -invariant of Chow and Compère, and hence the Bekenstein-Hawking entropy of general asymptotically flat (or Taub-NUT), non-extremal black holes admitted by the STU model in terms of 16 asymptotic charges. These are not all independent: six scalar charges are functions of the mass, NUT charge, and eight dyonic charges. However, the expression for F with the scalar charges being explicit makes the U-duality invariance manifest and allowed us to conjecture the generalization (138) of the F -invariant to the E 7(7) invariant case. We have argued that a formula in terms of only the physical charges requires one to find the real solutions of a system of polynomial equations. We have solved these equations for some known special cases and recovered the expected expressions.
An important question left open is whether equations (113), together with the condition of reality, are enough to determine the scalar charges uniquely or one needs some additional constraints. Also, it would be very interesting to see a microscopic origin of this entropy formula. There are several results along these lines including near-extremal black holes [33] [34] [35] [36] , neutral, non-extremal ones [37] and the recently constructed dilute gas limit of the general non-extreme STU black holes [16] . Another interesting problem would be to find the uplift of the formula for 5 dimensional finite temperature black holes and black rings written as a qubic invariant of E 6(6) [38] . A way of finding this formula would probably be to recast our expression for the F -invariant in the language of Freudenthal triple systems [39] and write it in terms of elements of the corresponding cubic Jordan algebra [40] .
Finally, as adding a possible new twist to the black hole/qubit correspondence, we note that the difference of the inner and outer horizon radius is [2] 
which measures extremality, and is U-duality invariant as expected. It is known that the quantity TrQ 2 can be reinterpreted though (52) and (A15) as the quadratic four qubit entanglement measure [13] . Then, so called nilpotent states with TrQ 2 = 0 allways correspond to extremal black holes and they can be classified in the language of four qubit entanglement [14] . However, we see that there are extremal black holes corresponding to semisimple charge vectors: these are the extremal, fast rotating black holes [2] with F = J 2 . It would be interesting to see if these black holes relate to the entanglement properties of semisimple four qubit states. We define the group SO(4, 4) as the set of 8 × 8 matrices O keeping the bilinear form
i.e. OGO T = G. Here, I is the 4 × 4 identity matrix. The Lie algebra so(4, 4) is spanned by matrices T satisfying T G + GT T = 0. We use the same parametrization of these matrices as in [2] . We denote by E ij the 8×8 matrix with 1 in the (i, j) component and zeros everywhere else. The Cartan generators are given by
while the roots are parametrized as
(A3)
U-duality split
It is easy to see that the generators H Λ , E Λ , F Λ , Λ = 0, 1, 2, 3 form four commuting sl 2 algebras:
[
The remaining 16 generators
2 ) U algebra under the adjoint action. A vector of this representation can nicely be described by the 16 amplitudes ψ ijkl of a four qubit state
transforming as
under the action of the group SL(2) ×4 generated by the algebra (A4 
transforming as (A6) under Ψ → gΨg −1 .
Sigma model split
We can realize the split sl 
and look for the subgroup SO(2, 2) × SO(2, 2) ∼ = SL(2) ×4 keeping this fixed. This subgroup is generated by the −1 eigenspace of the involution
This eigenspace is spanned by the 12 generators
while the +1 eigenspace is spanned by
To see that this indeed realizes a sl ×4 2 ⊕ (2, 2, 2, 2) split define [41, 42] 
One easily verifies that
with J = 1, .., 4 and all other commutators vanishing. We can write an element of the +1 eigenspace of # in terms of four qubit amplitudes ψ ijkl transforming as in (A6) under this new SL (2) ×4 . It reads explicitly as Note that the SL (2) ×4 invariant TrΨ 2 is a quadratic measure of four qubit entanglement [8] .
The third split
The previous two splits are related by triality of so(4, 4) and hence there must be one more inequivalent splitting of the algebra. Indeed this split is given by the ±1 eigenspaces of the involution
where ǫ = 0 1 −1 0 . The −1 eigenspace is 12 dimensional and spans sl ×4 2 algebra. The +1 eigenspace forms the representation (2, 2, 2, 2) under this. We do not need this split in the following hence we omit the explicit form of the generators.
finaly 
22 =
